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[Statement of problem.] 
(Jan. 9th, 1839.) 
Let there be proposed the equation in mixed differences: 
d? 
Ја: (0241,47 202,417 а-ы); (1) 
in which a is constant, real & positive. One integral of this equation is 
2n ( x 
а). : 
À, a, being constants, and a being connected with A, а, by the relation 
2 -3 
Nn Л ә! PORE n 
9-2) (mz) : s 


* [For a synopsis of this paper see pp. 576, 577 and also Letter to Herschel, p. 599.] 
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because the equation (2) gives 
d? 2m? 2m ( 2 
i5) ЕЕ |, 


, 


and 


2m 2r (x 
Te, Mai F1, 3,7 2 vers 1^7 008 x att { 


So that we may suppose 


т "MM _. , 
ig TER ia, , (3) 
and a and a, are nearly equal, if = be small. 
We may put т=їау2; 


(so that if т now represent the time, the total attraction is equal to the distance from the 
position of equilibrium); & then the original equation (1) becomes 


а? A 
(22+ 1) ns. mb (nece: (1) 
while the particular integral (2) becomes 
-ves [2 (2) | (2y 
- А \а, av2/)’ 
the relation (3) or (3)' still holding good. We may also put, for abridgment, 
2n 7T V2 "n 
= а’ m= = V vers 13 (3) 
& then the particular integral (2)’ becomes 
Nar = Vers (ил — тт). (2)" 


That is, (1)' has (2)” for a particular integral, if the relation (3)’’ hold good. 
The particular integral (2) gives by differentiation 


, d : о n 
Пт gp ae = —msin (ux — тт); (2) 
d \? 
п (as) л„т=т*сов(ив— mo) (8) 
also 
i 124,7 +7z-1,7) = 1— сов (uit — тт) соз w= Nz, , + Ver8 u COS (uz — mr); (2) 
& accordingly these give, by (3)”, 
ed T Tz, = i (041,7 + МАР А (1)" 


Now let it be supposed that when т = 0 the values of 2, „ & d 7,,, Vanish for x = 0 & for all 


positive values of x, & are consistent with the equations (2)” (2) for all negative values of z; 
so that we have 
712,0 = 0, Nz,o= 0, if «+0, | (4), 
but 
7,07 VerSpx, 7,97 —msinuz, if x+0; (4), 
and let it be required to determine generally the function 7,,,, x being at present restricted to 
integer values. 
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This question corresponds to the propagation of vibration in an elastic medium, & must 
illustrate the spreading of such vibration from one part of the medium to another, while the said 
vibration remains, or may remain, (approximately) confined between 2 parallel and indefinite 
planes which move (& why move? Sept. 3015/57) with one common velocity. It ought to turn 


out that if the velocity of propagation mis positive (т here being taken to represent the time), 
so that 7; о is positive for small negative values of x, then 7,,, will take sensibly the value (2)’’ 


as soon as ey is sensibly greater than x; but that if T be supposed negative, then 7, , will 


sensibly vanish when — a is sensibly > —z, the value of 5; о being in this case negative for 


small negative values of x. And the physical explanation is doubtless of this kind: u being in 


both cases supposed for simplicity to be such that 95 is a large positive integer number, 
v= = = м ‚ we have in both cases positive displacements Nz,o for all the values x= — 1, x= — 2, 


... = —(4v—1), the greatest being that which corresponds to x= — 2v = —7; but in the first 
case, in which m is > 0, the displacements corresponding to x= —1, x= — 2. ... = —(2v—1) 
are all increasing, while in the 2% case, in which m < 0, the same displacements are all decreasing, 
at the same original moment т = 0; it is clear then that in the first case the system is departing 
more and more from equilibrium, while in the 2? case it is approaching more and more to 
equilibrium, at the moment 7—0, & within the extent included between the limits z = 0 and 


ж= —2v=—"; and that therefore the originally quiescent part on the positive side of the limit 


x=0 must be much more disturbed in the first case than in the second. But it is interesting 
to investigate the law & quantity of this inequality of disturbance, by resolving, at least 
approximately, the algebraic problem proposed in the preceding page. 

Perhaps the theorem of Fourier* might help to resolve this problem; but I prefer at present 
to proceed in a way of my own, as follows. | 


Let Y_2,7 = Nz,7 — Vers (ux — mr); (5) 
* [Hamilton appends the following note. “ Fourier's theorem is that 
] [ә со 
fg. f^. (fs сов (xx — aa’) f (a^) da) dx’, 
or, as it may be better stated, 
zn A ^ © —һ=«?% hey " " "n 
A ad egre д сов (aa — ax") da) f (x ) da’. 


In fact, as I have remarked in an old book (Oct. 1835), we have 


\ 


' multiplying this by f (2^) dx’ and changing x’ to x+2tVh, we have 


fra Ef vente сов (az — ax’) й) f (rydw 2а [^ et teen Vh) dt, 


of which the limit relatively to h=0 is 2zf (x)."] 


HMPII: 67 
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& let us introduce, instead of the old system of functions 7_, ,, ,_1,, (n being >0), a new 
system, ¥,,,,n—1,7» Of which each vanishes, as also does its 15* differential coefficient relatively 
to т, at the moment т= 0. We shall then have 


Jar Ут = Mt) sue a) 
Упал, т + Vn41,7 7 i (Yn+2,7 + 9s. i (1) 
Wn t9 =$ (Уз, + No, — Ver); _ (1)5 
Nor es = 5 (M, +Y1,7 vers p mr); (1)3 
Nmr Nnr =$ (аял, а-1,т)5 (1 
n being, in each of these 4 last formulae, an integer > 0. Also 

0=Yn,0=Yn,0=%n-1,0=%n-1,0; ? being still > 0. (4) 

We have also vers (u 4- mr) = 1 — cos p соз mr + sin usin mr 
—1— (1—m2)cos mr 4- m V2 — m? sin тт; (3)" 


so that m may be considered as the only arbitrary constant of the problem & may be supposed 
to be small and positive: attending only at first to the case of forward propagation. 


[Properties of operator V,.| 


Let the notation Vif pr (6) 
imply that ф+ф„=/„ (6) 
& that ф=0, 4$$,20. (6)”, (6)" 
Then if we put 1(1— (1—m?) cos mz) —«,, (7) 
we shall have $ vers mr = V.o,; (7)' 
& putting also m V2- m? sin mz = В,, (7)! 
we have the equations 

Уп+1,т = jV. (Yn+2,7 t Ja, 7) ; (8), 
Yar 73V. (Jo c +0,7) — У; (8), 
Nor = $V; (7. +Y1,7) + Ve (6+ 8,); (8) 
Tn = jV. (244, t+ n-1, т); (8), 
т being still an integer > 0. Make 
No,r— V4, =H; | (9) 
then Vn41,7 = 3V« (Yn+2,7 Vn, 7]n41,77 2, (Таа, а, т) (9), (9); 
Ji. —ÀiV.(..tH.—V.m); тт =3У, (7. tH, +V); (9), (9), 
Н, =}, (т..+9,.+28,); - (9); 
& these would give* 
H, =0, т = hira 
| ад. Vut pud i. | if B, were =0. (10) 


* [If the term В, is absent, H,, #1. +11, 7> Va, т +72, т» --. represent the transverse displacements of points 
P,, Pa, Ps, ... of a stretched string having equal masses at P,, Pa, Pa, ... and P,P,— P,P,:-etc. If P, is always 
fixed and if the others are initially at rest in the equilibrium position, then there are no solutions except 


H,=0, Y1,7+,7=9, etc.] 
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It results from the investigations of Oct. 1835, that the same supposition (В, = 0) would 
give generally* 


| —]]-1iWn-42k4-1 
аа Па ны , (10) 
the square brackets denoting factorials; so that, more fully, 
рты" [Vra en arit, OD ачуун, 
& in particular (developing as far as V? «, inclusive) 
—Di 1s jV2a, Я 3729, + 165 Oh + 138V4 0. T 256,9, + &e.; (10); 
уот = Via, + AVE 0, + AV, + тї У?а,+ &o.; (10); 
T Js, "18277 iia, T 35V20. К тёвУ+®, + тїз %, " &c. , (10) 
— 94,7 = Nar = TEV 2% 38V ret 1g V so 80. (10), 
— Vs. = Ms, ВУЗ, pig V3, + ri Va, + &о.; (10); 
— Ye, r= 1e, — AV ®+т#вҮ+® + 80. ; (10); 
— Yr, =M, = 11a V3, + gta VL a, + &o.; (10); 
—Yo,7=N,7 = g&8 V 594 + 80.; (10); 
— yo, =т= 51109, + &e. (10) 


In fact these developments verify, to the same degree of accuracy, the conditions 
71,т— ЗУ, т T jV2a,; 12,7 iV. (m,« мк 13,7) =0; 78,7 iV. (2,7 a 14,7) =0; &e. 
And, taking the whole series (10)', we have 


"hr = Xo Cae s $V7%,+ Edo DU T (10); 
nar = 2 Layo DEL Neat а EV a, + Xo D a an .. 0095 
m. = GIU T ; 10); 
7543,77 (+ 1) до PER Vieni 


1 A [2k +n+ 2]* уеп | Ў 
= gny Via, + (m+ 1) Lao eripe ЖОЛИ ; (10)н 


МА [2k+n+ 1]? V2k+nt3y 1 - 
7542,77 (M+ 2) Zio TOM EN Т! тэнара 3 (10)n+2 
1 [2k n + Це Viet, б 


Tn, = Ут MERI Tey үүн! Ә?Е+п+2 ? 


and since \ pe 
n [2k 4- n + 1]* -- (n 4-2) [2k -- n - 1] (k+ 1) = (n (k 4- n 4- 2) + (® + 2) (6+ 1)) [2k +n + sh 
| = (n+1) (n+ 2k 4-2 [2k - ++ 1*3 — (n+ 1) [22+ 2], 
we have, as we ought, 
7241,77 КАСТА Nnti) 71,77 У (V +1). 


* [See top of page 532.] MM 
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[Here follow some investigations concerning finite expressions for series like (10)’. In some 
pencilled notes added later Hamilton points out that (10)' is equal to (1—V1—V2)"Vr"4q, 
It is easy to see that this expression satisfies (8), and, when n = 0, is equal to У, о. Moreover 
from the definition of the operator V,, since (10)' contains only positive powers of V, , 7,,, and 
„т are zero when 7 — 0.] 


(Jan. 10%, 1839.) 


In the next place let us consider the gystem of equations 


a, — 0, Yn, r =n, 7 У, Une ЕК 7.12]; (n> 0),| | (11) 
No,7 = М + У.В, | 
...[Неге т, „ is obtained by ordinary methods. Its value however could be inferred from 
(10)7].... 
Hence 
п, = 27" VE Dipo [n + 2k] [0] (3V..)** B,. 
Hence the equations (8) give, when both «, and f, are retained, the expressions 


1.3.5... (2k— 1) 


Nor = V, by + Xo Vien ; ' (12), 


2.4.6... 9 
n + 2k —1]k*-3i 2k 
Nn, t = Vm nyg, Ut 2E D De Т ava (8o 25, (12), 
n ^ --2k—1 
Ул,т= on Ут! Digo ERU (4V,,)%* (8,—«,+ ттт B. (12); 
The expression for »,,, may be concisely represented thus: 
пот = V, + V, (1 — V3) 5 B, 2 Va, + (V7 2— 1) 3 ,. (13) 
But 
d\2)-1 
vn): 
‚а \2)2 dM d\2 
кш oe — = 1 == f — — » 
vii) 2 Gy 168) 5 
d V d 2) T d Md 
c ol "du —— —— = — Я 
а) lz) =f, eJ vi e 
We have 


T 2)-i 
Mor = етв тт + V i= Jn | sz) | sin mrdr 
0 


= } vers mr+— етди Diy Here d -() sin mrdr 


[k]] \dr 
"er. SER SUNT „|, —1)k 2\k А 
= четт Урна xg EAE ( ^2) sin mr dr 
= } vers mr + (1— jm?) (1 — фт). | sin mrdr—vers mr. (15) 


www.rcin.org.pl 


XX. MOTION IN ELASTIC MEDIUM 533 
We seem then to be conducted to the equation 


No, = Vers mr (15), 
as the exact sum of the series (12),. On the other hand we should have had exactly 
No,r=9, (15), 
if we had changed the sign о the radical У? — m? in В,. 


Perhaps also we should be able to prove by some similar reasoning that the part depending 
on B, should be considered as negative for negative values of т, & *.' that for such values то, 
vanishes, the radical У2 — m? or the ratio m/p, which expresses the velocity of propagation, 
being still taken with the positive sign. 


On the whole it is perhaps possible to prove by the foregoing investigation or by some one 
very similar that 2, may become exactly =vers mr for all positive values of т after having 
been exactly = 0 for all negative values thereof. And 7, is the mean of the two values 0 and 
m?. Can we apply a similar process to the expression for 7, „? 


E and Я пої commutative. | 
The part depending ор f, in 7,,, is 


viis 
jv? хф ЕТ ЧУ В,. 


Неге 
= - Ed 
[2k + 1)*= (2k + 1) 2k (2Е— 1)... (6+2) = TESTES 
.PGbr)0b-1).9.1 see(-penp- pes 
& k+l Y k+1 ; 


"7 the part depending on Ө, in 7, , is 


us ab | 
Жор кн (VIB e (- 101 V3) Be 


which accordingly agrees with the equation (11), 
0,7 zo V. (m, T В,), 
х, being supposed to vanish. This equation gives also 
Hyg В, + 00,7 019,7; 
in which эо „із to be made only 3 vers mr, because we have supposed х, to vanish; thus 


ү 1 1—m? 1— cos u cos mr sin p sin mr 
Nar + 719,7 = 5 — ә cosmr=- 5 —; & -b= -5 
: vers — У 
it seems '.' that 2 „= аа , 80 far as it depends on B, alone. Yet this value of 7; „ does 


not vanish with т, though it ought to contain V, as a factor. Perhaps the development of 7, „ 
diverges when т < џ/т. But we must observe that the equation то „+ no,- = 11,, + B, requires 
that 79,9 should vanish, which the foregoing formulae do not make it do. 
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We can certainly conceive that 79,7, Nn, are functions such that ту, db Nn, 0 = 710,07 Nn,o = 0, 
and that 
10,7 + Io, s — 1, = P, = Ẹsin ysin mr, 
Int n, $ (Nn+1,7 t 81,5. (т? =vers p, ®> 0); 
but will these functions 7 ,, ,,, be convergently expressed by the series 
со [20] 2k 
70,т = V. Б) 0 ТЕЕ (ЗУ,) В, , 
Vntl s [n+2k]}* 
Тт gn 2000 ODE (4V.)** В,? 
And when we have found thus that 
710,7 + 270,7 = (1- у?) Pr» 
can we effect this operation (1 — V2)-3? 
We just now made V, (1— V2)? C, — (V72— 1)? C, & transformed this to 


T 


Пао ак 


d n sla: 
but it is an obvious objection to this transformation that the к, of the last expression does 


not in general vanish with т. However this objection does not apply in the case where 
C,=B,=4sin usin mr, because Cf2*+) = 0; but on the other hand we ought to have 


1 d \2 С ат 

1-953 6,- 7 i (21 Pes. cu fU 

LAEE Naa Se Ах 

0 als. 

d В, : ; 
& the — of ————— —— does not vanish with т. 

dr 1/d\2 
mu 
ala.) 


The transformation therefore is erroneous, and although its elegance appears to point to 
some true process, intimately connected with it,* yet I belicve it may be better to employ for 
the present a different method & one more analogous to that of my old investigations. 


Let us then admit that, (В, being still = 4 sin u sin mr,) 


70,т = V. B, x iViB, T #У5 В, + &е. 
and endeavour to calculate finite trigonometrical expressions for at least some of the terms 
of this development. For this purpose we are to calculate if possible a general expression for 
Ук вір mr ог at least expressions for this function, for several moderate values of k. 


SOOTHE ETHER EE EEE HEHEHE EEE EEE EEEEOEEHEE SHEE EEE EE EEE ED 


* [The error arises from the fact that the operations I and V, are not commutative. Correct results are arrived 


at later because y j dr and V, are commutative.] 
0 ‚ 
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If we were to stop at this degree of approximation, [the first three terms of the last 
` expression for 5, ,,] we should have 


sin mr — m sin т 


V.sin mr = pamm 


, 


sin inr m (sin cos т 2) sin 7 — 37 сов 
VU da dew mr—msinc _ (sin т — TCOST) | ((3 — 7?) sin 7 — 37 co " 


2 (1 — m?) 4(1— т^)? 16 (1— m?) 
sinzvr —msinz) 3m(sinr—7c087) 3m((3—7?)sinr —– Зт совт 
AVSsin mr =" 8(1—т?ў а S my ж ues | 
| m{(15 — 67?) sin 7 — (15— т?) 7 cos 7) 
128 (1— m3)? 
| m((105 — 457? + 74) sin  — (105 — i il ыва Ee 
1024 (1— т?) 


which 3 expressions indeed are rigorous: & the sum of these three expressions, multiplied by 
im у 2—т?, wil give an accurate expression for (V,+4V2+%V°) B,, & '. (probably) an 
approximate expression for that part of yo, which depends on B,, & which is to be added 
to $vers mr. 


[Neglecting powers of m above the square, Hamilton works out numerically the value of 


this expression for 
т 3T 
qe 2 > т, УУ ? 


17,5169 
17,6776 


2m, 4, 5; 


e.g. for т = 5 he finds that то у= vers 5m — (: — iio) vers 5m approximately.] 


[(V;*—1)7«*.] 
(Jan. 12th, 1839.) | 
We found that по = Vr%_ + (V;?— 1) b,» 
in which V,a,=4versmr and В, = ұтУ2 – т? віп тт. 
Now the operation (V-? — 1) may be transformed in the following way, which occurred to me 


MEE 
Je e] =e 


For example 


$ 15 we 
Verte tit &с.=т— вїп т; Vdl-3-34* &c. = vers T; 
- 18 18 т? 
$2.—————————. FUA, Mo АДЕЛЬ АШ SUDDEN MNA = 208 
AE EEEE 8008 a (oos 1+5): 
7 T! т? TD 
VP gu ra err СЕ to t (sinr -т+$); 


* [The law of formation is obvious, e.g. 
4 
(105—4572-+r8) sin т (105—10т°) + cos 7 —7* (+ 3 sin т.) 
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& generally №. ш — : 
т2К+2 T 2k k LUN Un (~ ) M | 
Vit = R (2k 1) “epee? 5o t PIS D (1- i5 an NE C 


P P (= 1) тк 5, 
V, T+ = [2k + ] pen ( — 1)* (7-5 125-7 күрен Эт); 


з D 15 
е et м . 3 M CAR * 5 Ы.А | Ха . 
У „віп т = m (т — Sin т) +m (- 6 sin) +m ( 6 * 120 sin] &c. 


ыа +) 2. mèr? т5т5 M _ Sinmr —msin т, 
T—8n7)-6(1—m) ' 120(1— TERT Cin pur анд, 


m 
~ l—m? 
cos MT — COS T 


T? 
V. созт = 1 — совт + m? reL Loose Tm КЕ Жди + &с.= 
T 2 1— т? 


9. 94 
Непсе 


(Га (Cre (y) Ше). (а) а ж) 


2k+2 T 2k+2 
= ZH ol—4]* [0]-* 27 (fa) ў = Xo А: a pnt SC im D 1) (fa) its 
(Vz*- 1): = p] Xio[— 21 [0]-* 2* [0]-2 20 722i | 


=i (f'a) ооо (-F) =... 


T 1+2 5 E 
= : [i] (| dr) IK cos (т V/2 сов 0) 
т 0 0 
and we may change the order of the signs of integration. 
The expression which I deduced (in pencil, late last night,) from a result in Poisson’s 


Memoir on Waves was 


(Vz?—1)- i-e] LET (1 — a2)! ((8 — 2a?7?) cos (ar V 2) — Tar V sin (ar V/2)) 


Hence 


к (Га) f asine — 2т?сов@?) cos (rV 2cos0) — 77 V/2 cos 0sin (7 V 20s 6)). 
37 \J 0 Jo 


Here also I deduced 
UENIRE 1. (1—a2) мүт И 3 
(Vz2—1) LJ IZ Ж {(1 + 2a272) sin (ar V 2) — ат V2 cos (ат V/2)) 


V2 [тУ?ах 2 
uj, sh- =): {(1+ 22) sin z — х cos x} ах. 
This gives approximately, when 7 is large, 
тү т? 
-2 1)\-t-= 2 Ste AEE 
(Vz22-1)y37- |S =a (1 +2) sina — 2 COS x} "77 di 
because 
© sing т © sin 2 —– 20082 т 
ue йв= с, апа : npo de 
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[Extract from pencil note.] (Poisson has shown in his Memoir on Waves, pages 168, 169, that 


8 [1 | ary T 5 р? р? 
bi — а?) Ba ЧЫР РЕР Р e U ANES EOE ee, A Я 
sha а?) oos (2a V p)da= 35 =7 3—3 аа а 3.8. (1.3.39 * 9^ 
Hence 
s. (as) (в) =1-2+ s p & 


In this change р to 17?, & perform the operation Í ү” three times; апа we shall have my 
0 
(У;*— 1)%т.) 


То use now the function given at the middle of the previous page, it is necessary to have 


x r 
an expression for (| dz) cos x. This 
0 


T x r á (— 22) 
7 (f ^ az) “Фо [giat 
Lys (—1)* ж? Lys (— 1) aser 
2 2090 [26] Гәр ер 099 [2p--r]p ^ 


Hence 
x 2r ; ж? x (— 22)"-1 А 
(| 4) cos z = (— 1) (esa 1 а па): 
and 
z 2r--1 A P х3 25 e (— х?)'-1х 
(| a) cos 2 = (— 1) (паар а). 
Непсе 
т {Ж т 2 1 
(| dr) cosmr= “sin mr (| dr) cos nt = — — (008 mr — 1); 
0 n 0 n 
T 3 Ls 
(| dr) cos nr = —— (Sin wr — nr); &c. 
0 % 
‚ Непсе 


(У;?—1)-%т#= - [i]t (ar) fae sec 0? vers (тУ2 сов 0). 


This relation gives 


(Vz:-1jp9.2-1 [гаввос (УЗ oos 0— sin (r УЗ сов0)); 
aV2J0 
2 
which ought to turn out to be nearly S when 7 is large. 
Hence we ought to find 
met 1 V2a—sin(rV2a) т 
enh! Т ЛА ot s 
Е а а?) T PE 
that is, 
To YS z?l-3z-—sinz [*?z-—sinz 
| UT (1-25) ш! i 
HMPII 6 
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о sin – 2 Cos x 


This will require (because we found Í da =7]) that we should find 
0 


23 
? vers ax T 
Á "a Me 


And reciprocally, if we can establish this last proposition, we shall be able to infer the former. 
a А 
A xL— SLM ын 4 32—802, 
о. 2 x 


у= о.) 0 


=lim y-? J ew — dz —lim эр], e~*z-2 vers (yz)dz ` 
0 


y=% y=% 


E 
=4 lim "e-*r-1sin (yz) dz — Jim TIN e “asin хх 


y= 
=f TE 
Hence, going back, we ought to мй 
ту? 2 d$ * d 
Ku x x—sinz 
2105 0 is(1- 2 sa). 23 
x 1 тма віп (7 V 2a) 
ра: 0 wd pid 2739? 
Lim аа ы 
T=0J 0 
= xlim | pii 2 1); 
2 
'. this last limit уг Jn as before. Thus the difference (V>?— ir T becomes an in- 
2/2 22 


definitely small fraction of 7?, when 7 becomes indefinitely great. It is however conceivable 
that this difference may itself be constant or even may increase indefinitely. I think indeed 
that this will not be found to be the case: but it requires to be examined. 


[Expression for то, +.] 
(Jan. 18th, 1839.) 

It seems probable that the part (V7? — 1) В, , of the expression on page 535 for 10,т› bears 
ultimately the ratio of equality to the other part V,«, of the same expression, when 7 increases 
without limit; & '.' that 

_1 versmr sin mr sin mr 


ngeras =(V>3-—1)- (ultimately); 
€ — mx) 73 ws A'a i P cn 
УЗУ ol- Be ОГ” ( ^5 ) “Ей Gr eam (V7 13 3 tgp үрел (ultimately); 
(У-2 — 1) 2+1 


*.' (ultimately) = V TX уо 579 [0]7* (3) [0]-2 0-0 20-60; 


[2k + 1]2**1 
in which we know that the 15* member 


Nat T d cos (rV 90080) 
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For example, making k — 0, we have, as before, 


(|, ejf dB cos (r V совб) = 7. 


т tending to oo; & if the same law hold for k=1, we shall have ultimately 


2 
d0 cos (r VZ сов 0)  ——— — — 
Ale «Jr — Ü iv 8V2 
Changing т to tv2, we ought *.* to have, ultimately, as t tends to infinity, 


9 i 3 $ і? 1\* 
(|, «j. 40 cos (21 сов 0) = 2; : 


2 (['а) "aeos toco) 55... ' 
«(f r cos (2t cos wg 33 *zx)- 


(= d mm) +00: #10 171 P. sin mr =~ Е Seon) 


(Jan. 19%, 1839.) 


d.mr уә 
(vzs -173 sinmr= repetam v2 ae а. 
SA dan df ite 
j 1 macs? a! M 


Iur cue V2cosÜsinmr 55 _ itl ed nsin mr yg 


2 cos 0?) cos 0 — n?) mn 


2 T 9 LÀ 
um ve {гш и, (if п = Усов), 
0 


т / УЗ 
2 
т cosnr—cosmr dn BONS C | 
=— —— е dr; '. making —=p, mr=v, 
т т? – т л? т 
0 0 2 
v2 


=== dp LZ 
7Jo Vo 1-р?  -V1—4mp? 


* [The figures in round brackets are added in pencil in the manuscript (see page 551). Hamilton later on 
arrived at a complete form for the values of these integrals when ¢ is large. He seemed to have known it about 


1840 but after much numerical testing did not publish it until Nov. 1857, Phil. Mag. xiv, pp. 375-382. He gives 
the result as follows: 


If 1 (0-2 [* dey соз (2t сов ш), 


then (Jar) о (Ја) оуан 1—41" or torret em, 


the summation to extend to all positive integral values of m such that » —2m —12:0. The asymptotic expressions 
can be derived by integration of the asymptotic expression for Jy (т V 2).] 


і K ad.) вате (15) +1] (717073 22 2t e 


=? (C) +1} x5. (7 D mart ( |" dr ound jt * ipse (o cos =} [ me in (eV soo d 


68-2 
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Hence, rigorously, 


v2 тга 
i) — фт? 
d tsm / ap) av, Mb um 


1 f* 
почео [( 1—jmipi 


As m tends to 0, v = mr remaining given, this expression tends to the limit 


| 1 ("( (^ cos pv —cosv | 
red recent 


v oo "t 

I therefore think it probable that the integral | (| E i Р A bi Y 
о \Јо — 

If we take m=its extreme value, namely V2, then the integral vanishes & the expression 


for o,, reduces itself exactly to } versv=}vers(rV 2). In this case p=m=vers-1m?; & the 
equations (4), become 


4р) dv із rigorously = 3 Vers v. 


7,97 ҮЄГ8 TZ, «97 — V2sinmz, 


х being here any integer +0; `.* 7,9=0; & 7, 0=0 ог —2, according as — is even or odd. 
In this case we have initial displacements of the form 


FON Via hese 


ЖУ 


but no initial velocities; & the origin 0 receives only half the disturbance which it would do for 
the other extreme value of m, namely 0, corresponding to an infinitely long wave.* In fact, if 
we conceive a great but finite succession of initial displacements (without initial velocities) 
of the kind corresponding to the short wave lately mentioned, there is no reason why they 
should propagate themselves in one direction rather than in the opposite; they will there- 
fore divide themselves between both. 


(Jan. 26th, 1839.) 
х © віпро-рвіпо т 
Is the inte al | dp ————_.— = = vers v? 
В Јо P p-p) 2 
In the 1st place we may consider it as = some finite quantity, and may treat this as a 
function of v; but when we add to this function its own 2^4 differential coefficient we get 


d |?) [° sin pv — psinv © віп pv т т 
1+(5) ] —— a— d -J ——dp=-= ог 0 or =, 
(*(3))], pape o7]. pe Ps ' 2 
according as vis < 0 or =0 or > 0; therefore we have rigorously 
© gin pv — p sin v 
о p(1-p?) 


the upper or lower sign being taken according as v is > or < 0. 


dp= + verso, 


* [The wave-length is 2z/u; mr =v, т? = vers ц.] 
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© sin pv — psin v 
р-р) ° 

is rigorously = О when v is < 0 and = vers v when v » 0. And this particular case of discontinuity 

appears to me to be of great importance in the dynamics of light and darkness. 


, 1 
Hence the function * 1 уегво + г 


The rigorous equation (У – 1) i = [;] (Ji) Y» (page 537), in which 
0 
2 rt ii 
у= zf d0 sec 0? vers (т V2 cos 0) -12f Í d6 sec 0 sin (т У2 cos 0) 
0 о/о 


-f y, dr, in which y= 2f dô sec 0 sin (т V2 соз 6), 
0 0 


combined with the general development 


B, = + т + [0] 23; + &e. 
gives, generally, 


(V;*—1)4B,= Boy, + Ba | dryn + Bo( | dr) v 


d k T k $ d k T k+1 " 
-X& (i. Ps (| н ar) у= (5) 8. (| : dr) y 


"We 
=— Ө) re (2- аА 3— 1)*B,= Ву, 
CE 4 dr dx 
B 7 T z-0 
z-0 


but, suppressing for the present the condition x= 0, the partial differential equation of the 1st 


order 
йс 4 
(5 y i.) Фа FO 7 ИР 


gives =f F, -dr + funct (x +7), 
, 0 qt = 
т, being treated as a constant in effecting the 18 integration, but being afterwards made equal 
т 
to z 4-7; if then 0, ,— 0 for all values of x, we have , = | F,_,,,d7, & the same expression 
0 , 


holds for the case x=0, except that then т, is to be made equal to т after the integration; 
hence, generally,T 


* [The results can be verified by taking the integrals 


etro _ giv е 2? — pe v 
—— —$- de and Я > 0 
Гр? [Fae 020 
over suitable contours.] 

+ [Changing the notation, we have to show that 


(ўгї-1%в,= f" quf „у, В E go. 
Then making use of | s (r—u)* y, du=n! ( Г м)" уш, we verify the required form. It may be noticed that 
0 0 


p 27, (7V3). 
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(73-08, | dr, у, 


т,=т 


-2f "i dð sec Ө віп (тУ2 сов) В, _, 


№ AMET n sin nT B 
п vi-je "7 


[The operator I,.*| 


Can we find any analogous expressions for 7,,,, 75, &c., in so far as they depend on ,? 
For if so, we can easily get afterwards expressions for the parts which depend on «,. 


Already we have found the law of the developments, according to ascending powers of V, ; 
but it will be useful to investigate developments proceeding according to ascending powers 


of (f dr) instead. For this purpose it is convenient to employ, instead of the equations (11) 
of page 532, the following; 
По, = Г2(8. +21, — 10,2); M= M2 (092m, 09,,); &e.; 
in which 7, -f dr. We may for the present omit the 7's & write simply 
0 
по= (В+ – 70); m=} (по 271 +72); е. 
And it may be useful to investigate first from the equations 
m=} (qo — 27 +7), «= FL? (т — 294 95), &e., 

which are all similar to each other, developments of the forms 

Nn = Uk о en, нд 
or, more fully, 717 €10 179 + €,,4 7*9, 4- &o., 94 65, 4*9, - &e., о. 

4,0735 4i 6,070; 6536117 56,0; &c. 


62971610). 021 62,97 $611; &e.; &e. 
In general 
Cn, k T €Cn,k-17 i (621,6 Fenti, k-2) ; 


negative indices being considered to make the resulting coefficient vanish, & the only value 
of ey х which does not vanish being e, у= 1. 


Now make е, ; — f, д, к; we shall have 
f n+k,k +f, n+k—1,k—-1 = i (7, n--k—1, k +f, n+k-1, к—)› 


Sarn = imk fm, ка Sin, ra) 


* [This is Heaviside’s operator. Cf. Jeffreys, Operational Methods in Mathematical Physics (1927); Poole, Theory 
of Linear Differential Equations (1936), Chap. п.] 


so that 
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Hence 


1+ I-V14 272)» 
Lou GEL Ж ачы. dia 


E 
ы ш Savi bii 


I? 
- T LA 


As a verification, these last expressions give 
75417 Mn+ _ LE DP VI. 2D 14 De VIE 2D 
Nn TY В 1? 
2 
Nn = 9 (05a — 29 + 714-1); 


2. 
-:-q4 


also (1+ I?) gy Г 2 V1-- 2]? — 1°В. 
I? 
If we now make та”? 
^" ILE VE ,, кү, dd 
& *. теа ыр ыы, — m t n. 


we shall have 


7]o = (Va 173 В, and = {К 7] 4. шын 1) (vt 1) p. 


If, by a further symbolic transformation, we were to make V —sin 28, we should have the 
expression | 


Nn = (tan 8)" . tan 28 . B. 


[tan 5,.¢, as an integral. | 


We have found that the operation here called tan 25, or more fully tan 28,, is such that 


AR 
tan 28,8, =f dr | dé sec Ө sin (r V/2 cos 0) B, _,. 
A ut 


Can we find any analogous expression for the effect of the operation tan 6”, or even tan 9, ? 
tan8, = Vz1—(Vz-3— 15 =V71{1 - V1—- V2) 


14+ B—-Vv1r2D if 
ene qoem 

i 1.3.5.7... (2b+1) 
= Y» [—2S]ol-029kT2«e-2 уо (тук 
Xie [B I] ritate X( 7 D 2.3.4.5... (k4-2) (|. 
Let this operation be performed on 7*, and because 


ELM qoem 
d à) "= [9E 24 ipei 


T | 2k4-2 
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we have 


үф 1.3...(2&®+1) т2к+2 [4] 
tan 8,.2 = | |, ar) Diho(—1)" а (63-8) [RETR 


= [i] ж ii Ego ( — 1)* 2-®+® [0]-&*D [0]-9*2 теа 


(| ar) 5 EIN fı - Bio (— 5) tora 


da pale {eos Bios) ao) 
d 


sh E do sin (Усон) 12 |" 0400 ders (rv denuo) 
i+ 
CN — 10 {т У 2 cos 0 sin (т V/2 cos 0) 

| — т2 cos (т V 2 cos 0) cos 0? — vers (т V/2 cos 0)) sec 0? 


T Я ч 
tana, si | dete a2 df 403 сов 0 sin (7/2 сов 6), 
0 тт? Jo 0 


т,=7 


апа generally 


т т 3 2% 
У | ded, ече onina МАЛ) 
т T 0 T, TT) 0 0 


T,=T 


í 3 
-tf degr | d0 {r У cos 0 sin (73 сов 0) 
0 : РУЮ 


— т? cos 0? cos (т V2. cos 0) — vers ( V 3cos 0) °° 


T V2 
ау ded, n |. y^ (nr sin тт —1+ (1 — 4n?7?) cos жт} n-2 8. 4n2)-4, 


[n,,, expressed by means of operator D,.| 
(Jan. 2224.) | 


It will be interesting to consider the simplest forms to which the repetition of this opera- 
tion, & its combination with the operation tan 25,, conduct; but at present I prefer to resume 
the problem in another way, as follows. 
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dr 
m= —B*(1D?)n; «-2(-D?)w—- 13=2(1+D*) әт; &с.; 
so that the series 


d 
We have the system of equations, (in which D=D,= à) , 


Not e+ 202+... 0,2"  ... 
being multiplied by 1—2 (1+ D?) x + x? must reduce itself to the 2 terms 
no + (m — 2 (1+ D?) no} = то {B+ (1+ D?) no} 2; 
if then we develope the fraction 
To — {B+ (1+ D?) no} = 
(1—2)* — 2D?x 
according to ascending powers of x, the coefficient of z^ in this development will be the 
function 7, . 


{ - 1 ; 

The coefficient of x” in the development of TETTI is 

coefft of z^ in (1 — x)-? 4- 2D? х coefft of z"-! in (1— x) 
+ (2D?)? x сое of x"-? in (1— 2)79 + &c. 


if 212+ 2]? [n 4- 3] 
ЕИ (n+1)+2D 3p [5] 


+ (2D2)? + &e. 


н -m= T [n + 1]? (2D?)* [n+ 2]5 (2D?)? 1e) à 


SUI... IP 2 [55 3 
-(EX n: 2D: mial (2D2)2 4. ^ B. 


Now, in so far аз т depends on f alone, we have 


ge (V8 ув Æ hi pan B= [Lacs ar 


in which TU 2 |. dð sec Ө sin (тУ2 cos 0). 
Hence Dy = Boy, + Гек. Dno = Ву, + Boy, + ih dz В, раа. &e. 


Let us suppose, жы we shall find to be permitted in the present investigation, that В, is 


a linear function of т, & *.* that В”, B7, &c. vanish; *. also D?8, D*B, &c. vanish. [We finally 
obtain] 


[n] , [n + 1}? (202): [n + 2$ (2D7)* 
(пр [3] 2 [5P 3 


T 1 3 
„= „d n dé 3 EMT А 
y fe т m sec 03 {т V2. cos 0 — sin (т V2 cos 0)) 


ig = UD, ER) bis sns 
in which 


HMPII : 69 
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The properties asserted of this set of functions 7, , are: 13t, that they vanish, and that their 
1st differential coefficients relatively to т vanish, when 7 — 0; & 2^4, that they satisfy the system 
of differential equations 

(1 * D?) 70,т = „тї Bo + Вот, & (1 * D?) „т^ (Matir t 751,7) if n» 0. 
Reciprocally, we shall have proved the justice of the expression for 7, , if we prove that it 
possesses these properties. It is therefore important to make this verification. [The verifica- 
tion follows and incidentally involves the identity 

2k41 
mper CO EET 

Suppose now that, when n > 0, 7]n, 7 =N-n,r = transversal vibration or displacement of the 
nth particle before or behind the particle corresponding to n= 0; but that this last mentioned 
particle has its displacement represented by то; — B, — т; then to the expressions lately given 
we are to add those which would correspond to the introduction of the terms — 18, — 17, in 
the expressions for D?y,,, and D?» ,.,; & this again comes to changing, in the integrals, yy , 
tO o,r — 71,5 731,7 tO 71,7 — 2 (9o, - 75, т), &c.; or finally to replacing the displacements at the 
time т by the negatives of the 2"4 differential coefficients, relatively to 7,T of the expressions 
lately given: so that these displacements are 


Vo, c = Vo,o Y, + Vo, o Y; &C.; 


=1.]* 


or, more generally, 


[al ора , e+ IP (2D9* [е+ ЭР (29: 


hes твар (145 (pate e Са + eg +) | 


in which, as before, 


2 
a d6 sec Ө sin (т V/2 cos 0), 
0 


and y, o, Yo,9 are the initial displacements & velocities of the particle 0. 


* [We have 
(— 1) ([0] =)? [n+ pen. (- —1)& [2k] [n+ ЖЛ йй ur 92k-41 [n+ kpen 
k+1 2k+1 [EF [e+ ]]en [2&1] «Е-Е [26-1891 ° 
Непсе 


- (- 1) ([0]-*)? [n+ кк e [yee Qek+1 (1+a)"+* 
Lino Wr E EM — coefficient of x in Yu Em LE E 


н abus (Liz) en 


К” » ээ ээ 99 $a? (142) ЫК ЕВ ) 


Үә „ ээ ээ 99 4x? ( 14-z) 7i (uoc 


3) aa 29 ээ 99 $x (1+)"—1 (z--2) 


а?у, + n ё å 
t A — 2t . nis also replaced by x. The transformation gives the solution of a new problem as described 
hcre.] 
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For example, the displacement of this very particle at the time 7 is, rigorously, 


2 х 2 
wor = m07 | d6 cos (т V/2 cos Danoj dð sec Ө віп (r V2 cos 6). 


As т increases without limit this displacement tends to become = у У0,0;* it bears therefore 
a constant ratio ^/] to the initial velocity у, о. This is a very curious result. The ratio V4 
depends no doubt upon the assumed unit of time, & on the energy of attraction between 
2 adjacent particles. 
The expression for у, ought to satisfy generally the equation in mixed differences 
"ns a i (Vou a 2Y 2,7 т Ysi): 

It ought also to give у, = 0 and y} — 0, when z > or <0; but = у, and уо ; respectively, when 
x=0. And so it does. 


(Jan. 23rd, 1839.) 
The last expression for Ya, г may be thus written: 
: 2% (z? — 1) (2D,)? 
1.2.3 2 
1 a? (x? — 1) (x? — 4) (2D? 
2 1.2.3.4.5 3 
and from it we may deduce the more general one: 


la 
alla TIE 2 ора + 


2 
+ HI 40 sec 0 sin (r V/2 cos 0); 
0 


— i)? (2D? — 3)? f(x —1)2— 1} (2D2)2 
Уз, т — E-e Wro D, + о) [o E Jat (2D. cd: ce fma ей pe E = 


G7 9*0 - —i? —1)((x—3)*— vica 
2.3.4.5 


i 
+. d0 sec Ө sin (7 V/2 cos 6); 
0 


in which D, — ES and the function y, , is obliged to satisfy generally the differential equation 


Dy. тт = i (Voi, + CANA У 
and also to become y; ọ when т = 0, & to give Ma fiin when 7 — 0. 


ipi fe ' la V2 for т, and ^ putting —- — D, for D. ; changing also y; o to ту and у; o 
to M ‚0› we get the expression 


(2—4) D?  (x—12)?{(a—7)?— 1} Di 
Net Gon — 1 cart iia hot 


Mua ей) ик 8 a aa Di PAS | | лө sec д sin (2at cos Ө), 
N gr 0 


* [The first integral is J, (т V2). The asymptotic form for the second can be obtained by considering the integral 
J e*t (1 — 12-7317 dt over a suitable contour.] 


69-2 
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as the complete integral of the equation (1) of page 527, 
2,1 =а? (241,1 224+ 2-1,1): 
The expression may be written more concisely thus:* 


[x UN. 4- kpoeni D«a | f 
0 


MCN ; а dO віп (2а cos 0) 
Ng, tF San X- o (2,02.+ 21,9) {2 + (x—1) Lo [api ppeu (+1) ак ТТА X 5A 


cos 0 


In it 5; and э; о may be considered as the 2 arbitrary functions, and if we denote them by F; 
and f; we qood write 
e [kitki — pieta 2 sin (2at cos 0) 46 
Ng, t= уа а (Fi D, fi) h2 T9 ye [Eb ipe (b+ 1) ar hae хун тата, 
[nz + expressed as an integral. | 
(Jan. 25th, 1839.) 


Employing the very rire expressionT 
attt 


Ta m Fa 155 aay CY МИРЧЕ ur 


А Fes +. 


a?[3 i ар à 
tl. t1 3 35 ft 173 3.4.5 o fn t 


for the integral of the equation in mixed differences 


Di 7]z,t77 а?Ді 7=—1,0 
F, and f, being the initial values of y,, and of Р, џ; or still more simply employing the 


expression 
m 


{2 
71547 Fo 17952 P i 1757574 


ALN at... 


e 2 p 4 
MASTER OE WR leat 


as the integral of the equation D?7, = Ат, 1 џ; let us suppose that f, is = 0 for all values of x, 
& that У, also vanishes except for negative and odd values, for which we shall suppose it to be 
constantly = 1; and let us seek the corresponding form of the function то ,, with a view to show 
that it reduces itself to the form 1 (sin #)?. 


We are *.' to have, for all values of f, 


4 (sint)? — F LIA А F o-a t&C., 


lisi aa 
1.2.3.4 


* [Hamilton verifies this expression and in the verification the following results appear 
е +1 [2+Ё+1]Е1 prere 5 
3 (sin at) 2275, fı +—5-- Doo Бен крк ZF (—а®#)у' ([0]*); 
2 ; 2 ; 2.39 
апа 0=35, 1 - 25 Str i 5 


T [This expression was arrived at in the course of the verification referred to in the previous note.] 
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in which A? Fy_,=F_.—2Fo+ Fi, 
Aé F,_.= F_.—4F_,+6F)—-—4F,+F,, &c., 
& F,=0, F,=0, F,=0, ..:; also F_,=0, F_,=0, ...; but Р = Г, = &.=1. 
So that we ought to have the equations (because $ sin? = 1 (1 — cos 2#)), 
+1=-А Р = Р, –4= ДР „=—4Ё_, 


+a Poa ty F, 
— = AB Fy y= -8F 7D Py, бо; 


which are true. In general, we ought to have 

[41+ 912 [414-2] 
= Agt*Fo-aa=1+ oa + Га te oes, 

[4+4] [474 4]? 

"DICT t [3p Ten 

& accordingly these series are the quarters of the developments of (1 + 1)44?, (1+ 1)4*4, 


V Pa У Ctt 


Had we supposed that Р, = 1 for all odd values of x, (positive as well as negative), being still 
= 0 for all even values of x, & f, being still = 0 for all values of that variable, we should have 
just doubled the last found expression for то, ;, & thereby found yp , — sin 2. 


I think that we ought to have found т, = cos ??, if we had supposed f, = 0 for all values of x, 
& F,=0 for all odd but = 1 for all even values, the value 0 included. 


In general, one integral of the equation in mixed differences is 


ait = (- IVAH а a= 


(Jan. 26%, 1839.) 


Naz, =N Vers (к мапе) ў 


7 & u being arbitrary constants. In fact this expression gives 


Ain, 1477) [2cos (uz —2¢sin 4) — cos (use tein) — cos (usi ati) 


= 2y cos (is - 21 sin) vers u = D?, ,. 


We ought *.' to have 7, ¿=the above cited expression for all values of t, if it be so for two 
values infinitely near each other; *.* if, for all values of x, we have 
F,—vers ux, Ј.= -sin uzsin^. 
These conditions give 
Кы; =] —] сов ux cos pi + 7 Sin ux sin pi, 


Јн = — 2nsin 5 віп pæ cos wi — 2n sin cos par sin pi; 
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А? Р. = —7 cos uz {cos p — 2 сов 0 + cos ( — u)) +7 Sin pz (sin u — 2sin 0 + sin ( — ш)} 


m 
= 47.008 (sin н 
At F,2= —7 cos px {cos 2p — 4 cos д + 6 — 4 cos ( — и) + cos ( — 2р)) 
= —7 cos ил (eY — дену + 6 — 4e-#Y 1 4 HY -1) 


eV 


NW Ду 
= =n 008 px S — 2% cos ux (sin^ 
2 


2r 
NEP, (—1у 2 cospe (sint) ‚ (r»9), 


{ 2r41 

AF fer = (— 1) 2? y sin ра (sin 5) м 
"n 

1.2.3... (2r) 


L. m Шш 2r f — nsin uz (— (аав) [0]-@+1; 
1.2.8... (+ 4 -r= —1] px 9 , 


"7 summing these 2 last expressions from r=0 to 7 = оо, then adding them to each other & 
to the additional term т (corresponding to. До F,), we get 


х=] Vers (ue 21 віп Б, 


АР. „= = тоовра (— 1Y (2tsin^ ey [0]-*, (r>0), 


as I expected. 

Resuming now the original problem of this book, let the expressions on the preceding page 
for Е. and f, hold only for negative values of x, & for the value x=0; the functions F, & f, 
vanishing for x=0 or >0. And let me try to calculate the function зо; by calculating the 
differences 


AF Fo А2 ,. (We may suppose for simplicity 1 1.) 


2 2 
АУЕ, „= F_, DNE Fat Er Fr- 


oF RP 
21 INT LINT. o5 ae 
bE Dro Lal 
[27]! [2r]? (- 1% Pry 
7 loosst TROBAT A е восе Bro A vcra "Er 


EA SE o cw e Emu 
=—t(e* —e * yr- (- 18 293 (sinb) s f»0; 


& the part of 9,, corresponding to F (that is to the initial displacements) is simply 


$ vers (2 віп 5) ‘ 
The question then which remains to be solved is this: How nearly will the initial velocities 
of the particles behind the origin produce the remaining half of this versed sine in the complete 


expression of the displacement то 1? 


Е [27] (7-1 Dr un н). 


xf ^ -—9sn'isinru— — 
AT for = 2sin (чат ay sin (ry — d cb [r-ip3 
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If we seek only the limit to which — z^ v fo. tends, as u tends to 0, we have, for this limit, 
the expression 
[wp am ЗИ: 
[n [2° Ер. 
of which the values are 
1; 2—4=—2; 3—6.2+15= +6; 


4—8.8+28.2— 56= — 20; 5-—10.4+45.3—120.2+210=+470; 
& the general expression seems to be 
4r-1 [- ir [0]-9-» nie ( MI 1)-i [2r AM 2| r3 [0]-9—5, 


[A proof by induction of this expression is given.] 


(r- 1) а (r-2)- 


We have *.* at present, by neglecting u$, 
AY с "a i и? ( RUE ly [27 P 2r- [0]-*-5; 
which is to be multiplied by /?r*![0]-97*P? and summed from r=1 to r=co; & thus we get, 
by changing r to r+ 1 & summing from 0 to oo, 


(fac) zoe c-r tory. 
à 1 {2 t 3 әз 
that is, lim m pe | d) zoe C- e (OMY, 
a result which agrees with guit investigations in this book, & in which the part added to я 
2 2 
tends to become - as ¢ increases indefinitely; or rather, perhaps, tends to become = -- та "n 
Without neglecting any power of и 
[2r + 2] 
[1] 
" 2віп 5 (sin (ru + p) — (127: [0]7* 2) sin ru + ([27]2 [0]-2 + 2 [2r]! [0] 1) sin (ru — и) 
— ([2rP [0]? + 2 [2r]? [0]? + [22]: [0]3) sin (ru — 2р) +... 
+ (— 1) (r7 [0]-*-9 + 2 [20-2 [0] -2 + [27-5 [0]- ^79) sin 21 
+ (— 1)" ([2r [0]-* + 2 [2r] [0]- 6-9 + [27] [0]- *-2) sin p} 


= 2(— 1) [27] [0] sin i sin i Е (2 sin = 5| {sin ru — [2r]! [0] sin (ru — ш) 


ААЛ, (4.3) = вір — Б {sin (ru + )- sinu. 


+ (207° [0] sin (rp — 2p) — ...  (— 17! [2r -1 [0]- 7? sin н} 
--(2 sin = Jl Ab fo. + 2( — 1) [2r]' [0]-" sin sin 5. 
If then we consider A?’f,_, as a function of r, & denote it by R, (2 ны a 
—2r 
R,+1ı + Е, = соз Š (— 1) [2rY [0] (2 sin 5) , 


* [See р. 539.] 
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which is an ordinary equation in differences of the 15* order and 15* degree, with constant 


coefficients, but with a variable term. It gives 
—2(r—1) 
—(R,+ R, ,)— cos 5 (—1y [2r — 27- [0]- *-» (2 sin 5) ; 


& also Ry=0, 


Aff, an (sinl cos! (—1y [ror tore tar zr tore (28) 


+ [2r — Ay [0]-*-9 (2 sin Б) +... + [2] [0] (2 sin a + | 2 ZUM j 


Multiplying this by {+3 [0] {2+9 & summing relatively to r from 0 to oo, & then adding the 
result to · 

1 vers (+ sin ‘) j 
we get | 


No,t= $ Vers (2 sin 5) 


+0085 (2 sin Al (f. at) fı - (2 sin Al (| ae) + (2 sin Al ЮЕ c Xà5o(—U0y ([0]-7)?; 


a result agreeing with those obtained at an earlier stage of these investigations.* 


(Jan. 31st, 1839.) 


[Hamilton identifies this result with] 
v2 


7 _1fmsinpy—psinv | 1—}m? dp 
Tosmvi- b verso | 1— р? 1— фт2р? p d 
v=miV2, m- V2sin^. 


The 2»4 member of this equation is rigorously an expression for the part of 7, which 
depends on the initial velocities; & it may be still more simply written thus: 


v3 
1[ъ віпро / 1—}m? dp, 
т), 1-2? N 1— hp? p’ 


because we have, exactly, 
v2 


[т dp 1—im? i het 
o- f. jup |T imp . [Cauchy’s Principal Value.] 


At the same time we see that we may write 


lf*sinpv do 
noo bverso- | p l-0? 
if s-ü-jm)-p?-jmh or p= фт? (1 fm?) ow, 
that is, p-ov(1-4m*(1—92). 
* [See p. 540.] 
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Or we may write 


y Е _вїп £) dw 


{чевон 
10, т 0 1—o?' 


p q 


in which 
p-o(l-im*(1—-5?5)3, g=o-{1- 4m? (1— o-2))H. 


If v mt v 2 — 2t sin be large and if m be <2, we need only retain those parts of the 


integral which have small divisors ; but p increases from 0 to 1, & q decreases from ү to 1; also 


when w is nearly 0, we have nearly o =V 1— 4m?p; and when ais nearly 1, we have nearly 
р=1—(1—{т%)(1—®), g=1+(1—4m?*) (1-9); 

віп ро singv 

Mop ue 

'., v being large, we have nearly 


1 SPORE Ne Р ар а © сў , 
па versv== [Vic dm | Е] "артар. 
т о p | M. 


if р -(1— 4m?) (1— о); * finally, we have the following approximate expression for the part 
of то which depends on the initial velocities: 


No,t— 3 versv = 3 (V 1 — рт? — cos v); 
ш 


in which v= тт = 21 віп 972 large positive number. 


The whole expression for the displacement of the particle 0 at the time t is therefore 


hd ый) in in] _ (aint) 
nos (сов A cos (2tsin JE (2tsin j (sin Al ; 


if tsin be large. 


also = віп pv — sin gv= — 2 сов vsin (v (1 — 3?) (1 — w)} nearly; 


[By a lengthy process of summation the following result is arrived at.] 
The expression 


Net = $ Vers (a меб) 


п 


2 
cos" cos 220 sin (2tsin 0) — cos 0 sin 2x0 cos (2t sin 0) 
" vers p. 2 


T sin 0 (cos 20 — cos p) 


dé 


contains, for all values of x and t, the rigorous solution of the problem proposed at the com- 
mencement of this manuscript; namely to find a function 7, , such that it shall satisfy generally 
the equation in mixed differences | 


Sh x A Рт. а= Ат, 
and also the initial conditions 


Neo =Versux or =0, 


HMPII 70 
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according as 2 + 0 or >0, and 
Donz,0= — 2віп sin ua or =0, 
according as x 0 or >Q. 

For a complete à posteriori proof of the correctness of the solution, it is sufficient to 
prove that* 


lst; 


m 
dh cos 0 sin 276 dé +3 vert uz, aocdpditg ава 650; 


т Jo sinô (cos 20—cosu) — 


т 
віп и [2 сов2040 Л Р k 
nde ы 0n Boni дале рева ү > : 
2 , бов 50 — cos lsinuz, according as x is 2 0 


37а; the latter integral, like the former, vanishes with v. 


And whatever x may be, we have, when ¢ is large and positive, 
2 
„= Vers СЕ 2t sin p) pd (sin) T 


2 
but when ¢ is large and negative, UL (sin A : 
[.Discussion of asymptotic value of this integral.] 
(Feb. 5th.) 
The expression for т, , on the previous page can be written 
7T 
0,47 hvers (us - atsin o) uet sin (220 — 2t sin 0) 
sin 0 (cos 0— cos) 


dé, 


4т 


or this more elegant one (in which v= 5) 1 


Nz, = Sin (xv — tsin v)? — St 


sin SN sin (2x0 — 2t sin 0) 


о sin6(cosÓ—cosv) ` 


This is a rigorous form for that particular integral of the equation 


А? 
2-1%.) =, 
| t 1+A, 72, 


which gives 7, у= 2 (sin xv)? or =0, and Рут, о= — 2 зіп vsin 2xv or = 0, according as x + Oor > 0. 


* [The verification here suggested is similar to that on pages 469-472.] 
T [The integral may be written 


т (cos 4 —cos 4) cos 2a sin (2t sin 0) 40 
f. sin 0 (cos 20— cos p) 


2 
—m|sin Я 
The value of the first part when t > o» is ——————— 


Vers р 
taking the complex integral f wid a R about the contour (sind, 0), ( —sin фи, 0), (sin фи, 1 ), ( sinu, doo ) 
with indentations at u=sin $u, 0, —sin $y.] 


Л | 
2 cos Ө sin (2t sin 0— 2х0) dé 
o зіп 0 (соз 20—сови) ` 


, the asymptotic value of the second can be obtained by 
e2ttu—2iesin—1u du 
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We shall suppose that v is > 0 but < 3 ; and that / and т are large positive numbers, x being 


also integer. And on these suppositions we shall seek the approximate value of the definite 
integral in 1, ,. 


Because x and ¢ are large, the arc 220 — 2tsin 0 will in general vary much & rapidly while 0 
varies from 0 to 7; & *.' the sine of this are will fluctuate often & rapidly between the finite 
limits + 1, while 0 varies so. Hence we need only consider those particular values of 0 for which 
this sine varies less rapidly than usual, or is divided by an unusually small quantity. But the 
rate of variation of the arc is expressed by 2 (x — t cos 0); if then we at first suppose that x is > f, 
(corresponding to the case of darkness,) we may omit the consideration of the case of slow 
variation, & may confine ourselves to the cases of 0 —nearly 0 or v or т. 


int 
When 0 is nearly 0, x being >t, we get — i Shed }(1 + cos v) as the corresponding part 

З Я sin у? | 
of the integral. When @ is nearly т, we get the part уч з nm on —1(1— соз у); so that 


the sum of those two parts, corresponding to the divisor sin Ө, is — 3. When @ is nearly v, 
the arc 2xv — 2tsin v + 2x (0 — v) — 2t (sin 0 — sin v) = nearly 


2xy — 2{вїп v + 2 (x — cos v) (0 — v); 


also the small divisor cos 0 — сов >= nearly — sin v (0 — у); & the corresponding part of the 
integral is } cos (2xv — 2tsin v). Thus the whole integral is nearly 


= —}vers (2xv — 2t sin v) = —sin (zv — tsin v)?; 
and 3, ,— 0, if x be large and positive, & >t. 


Next let x <t, but let t be large and positive, & let x be also > 0. The parts corresponding to 
0—nearly 0 & c are now +(+1+cosv), & their sum is 1cosv. The part corresponding to 
0 —nearly v is, if xStcosv, + 1cos(2xv— 2tsin v). What is the part corresponding to cos 0 = 


nearly St It is insensible. 


(Feb. 6t.) 


But it is important to observe that the foregoing calculations suppose that x differs from ¢ 
& from tcos v by large quantities, positive or negative. When 2 is nearly equal to t or to cos v, 
we must employ some new considerations. 


If x=tcos v, then rigorously 


ELT RC | 
Tet Thon, im Sint (voos y—sin yy 27. [ mn oer nno) ; 
, , m Jo sin @(cos@—cos v) 

& when 0 is nearly =v, we have 
sin v 
2 


Ө cos v — віп Ó = v cos v — sin v + (0 — v)? nearly; 


70-2 
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2t (0 cos v — віп 0) = 2t (v cos v — sin v) +¢sin v (0 — v)? nearly; 


o—v=,/ is nearly, if $ = 21 (vcosv —sinv) and ф + 9$ = 2t (0 сову —sin60); also 


tsin v 
cos Ó— cos v= — / sin vg nearly, and ЦА... Ан 
t 2 V/tsin vid 


dé " dòp | 
cosÜ—cosv 2sinvàj 
but to a given positive value of 54 correspond two opposite values of 0 —v; '.* the corre- 
sponding part of 7, гов „18 0; whereas the corresponding part of 5, ,is F 3cos 2 (zv — tsin v), if x 
be considerably less or considerably more than £cos v. And if we take in the connected periodic 
part outside the integral sign, we have 


— cos (2xv —2tsinv), —$1cos(2tvcosv —2tsinv), or 0, 


according as g is sensibly less than, or exactly equal to, or sensibly greater than £cos v. 


It seems then that we may regard the velocity of propagation as being = соз v, and not as 
A sin v 
being = Т А 
This distinction between the velocity of propagation of а wave, and the ratio of the space- 
period to the time-period of its vibrations, appears to me to be entirely new; and to be one of the 
most curious results hitherto obtained, by introducing the consideration of finite intervals. 


Let v=7, n being an integer number, expressing the number of molecular intervals con- 


tained in the length of the wave. And let only i such lengths behind the origin of x be disturbed 
at the origin of t. We meet these suppositions by changing z in the recent $,, to x+in, & 
subtracting the new expression from the old. We therefore obtain 


А Jf sin 120 cos (22:0 + in0 — 2t sin 9) 10: 


0 sin 0 


п 
cos 0 — cos — 
n 


. п. Zon 
and Dy; o= —2sin віп =, ог = 0, 


according as x does or does not satisfy the conditions 


t»0,2z4 —in. 
[Here follows a verification.] 
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Let us consider the cases which correspond to x and t being both large and positive, & 
inquire, for these cases, the approximate values of y, ,. 

In this research it is useful to remember that we may write, rigorously, 
1 (s PENET 20п0 — 2tsin 8) 19 _ 1 ( е 2n sin (220 — 2t sin 0) 


sina igre dé. 
yin z sin 6 cos 0 — eos") sin 0 (cos 0 — cos") 


sin 
2m n 


0 

It is '." sufficient to study the latter of these 2 integrals; which was indeed considered in 
part before, (see pages 554, 555,) but shall now be considered anew. For simplicity we shall 
write the above equation in the form 

Yx, t = Zarin, ®м 

Now, because 2 and ¢ are large, sin (220 — 2t sin 0) fluctuates often and rapidly between the 
finite limits +1, while @ varies from 0 to 7; & these rapid & repeated fluctuations destroy 
sensibly all those parts of the integral z,, which are not rendered sensible by having small 
divisors. We need therefore attend only, in the calculation of z, ,, to those values of 0 which are 


nearly 0 or 7 or x And the chief theorem for all these values is that 
Í sin Ydy т 


WT. 
When ô is nearly 0, we have 
sin 6 улак: + 
2x0—92tsinÓ  2(x—1) 
this relation becomes more and more exact as x and ¢ increase, while the denominator of the 
fraction remains constant; because, under these conditions, 0 diminishes more and more & 


tends to 0. At the same time 


nearly; 


cos 0 —cos 7 tends to vers 2; and ge tends to if p= 2x0 — 2t sin Ө. 


1 
di 2 (x —t)' 
Thus the corresponding part of the element of z, , tends to this limit: 
1 T sin ydy 
p» | 1 + соѕ ы! н) $ 
at least if ж —t be considerably > or <0. 

It must also be observed that while 0 increases from 0 to +, that is to a small positive 
quantity, у is to be considered as increasing or diminishing from 0 to a very large positive or 
negative quantity, according as x—tis > or «0; x – Ё being supposed to be always large. 

In the first of these 2 last mentioned cases, we get ',', for the corresponding part of the 
integral 2, ,, 


1 т 
ex (reet; (x > і); 
and, in the 2^4 case, A (1 +008”); (x <t); 


which may be explained by saying that while T is in both cases positive, the factor sin y is in 


the first case positive, but in the second case negative. 
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If x were exactly =t, we should have, rigorously, 
1 | | z) т gin 2% (0 — sin 0) 20 
Z% =z | sin- —————— 5 
'* 2л n : T 
| sin (cos 8— совт) 
0 n 
&, nearly, for the part which corresponds to 0 nearly =0, 


3 
9 — 2 (0— sin 6) 7. aw е LM. 


sinô 6 3p’ 
and the part would be 75 | 1+cos z) . Such are the parts which correspond to values of 0 a 
little greater than 0. 
Supposing next that 6 is only a little less than т; we have, nearly, 
2x (т — 0) + 2tsin (т — 0) 
sin (v — 0) 
& this relation becomes more and more exact as x + increases, the arc 
yb = 2x (7 — 0) + 2t sin (т — 0) 

remaining constant; because under these conditions the are т — 0 tends indefinitely to 0. 


dé +1 2 2: +1 1 á ; 
А]зо — dj tends to be — TEEN being rigorously = Сүртүү 6)’ therefore, since 2 +t is 


large & > 0, the part of 2, , which is now under consideration is + 5 (1 — cos z) { 


4 
Thus the sum of these 2 first parts of the integral 2, , is 
+4, if x be much >t; 


EL if x be much <t; 


— 2 (x 4t), 


and 5 (2-082), ita te ez; 
6 n 


t and 2 being both large & positive. 
Supposing finally that 0 is nearly == , & putting 


И 2хт "M y 
у= 2x0 — 2t sin 0 — ф, -—- tsin 
2 
we have nearly y=2(0-7) (2—teos7) + tsin (0-7) : 
n n n n 


and if x —t сов be large, we may neglect the 294 term. 


In this manner we get, for the 3 part of Z, ,, 


.cosó [° sinjd) _cosd _ хт \ =), 
pant я pores a - з «s "РРО, 
Td d тА TTE T { cos = {віп = i 


i н МЕҢ: T 
according as x is much > or much < ісов =, Ifz- ісов =, then 


"Быга ag | ME A .dO dj, = ы EU. 1 т) 
n {Е D z^ 3j) ф= 21 бов — — віп = |; 


1n — —— 
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to each value of ф-+ = 2x0 — 2tsin 0 correspond now two values of 0 -> which are nearly equal 
and opposite; *.* the corresponding part of z, , is insensible. * 
Tf then cos = be sensibly less than 1, so that {сов = may be regarded as considerably less 


than ż, when ¢ is large and positive; if x be also large and positive; we have the following 
approximate values for the integral z, у: 


2 е i 
2. (= -poos T4 poos (7 эгиш”), if х be much <tcos—; 
! n n n n 
—}cos~, if z=tcos—; 
n n 
2 : i 
~ #0087 — oos (77 — atsin Z), if ж be much >tcos— but <t; 
n n n n 


п \? 2хт Р, ) 
1-3 (cos =) -poos (=~ зат), if met; 
2хт 4 Ж А 
3 — } соз | —— — 21 віп — |, if x be much >t; 
т т 
and consequently, under ће same 5 different suppositions, the function 


х= $ vers (=- 2tsin z) — Zy 
takes the 5 following values: 


п \? 9a (22 . 7 . т\? 
cos — | _ сов | ——— tsin = | = vers | —. — 2¢sin = | — ( sin : 
2n n n n n 2n 
п \? 921 ‚ T) т \? п \2 
(cos ә) —4cos (= - atsin7 (cos =) : § (cos z) AL i? 
What would happen if x — t cos = were of the same order as t$? Let x —£cos = =é Vt; then, by 


“the last page, 
= 4 —— 1 — ioe М 
у= 2&t (6 ) sin (e ) » 


"1 Бе positive and a good deal larger than | i зїп = ‚ we Shall have, nearly, 
TE Fia prie 4 PRIN, AIT z); 
t (0 z) AL i d М 
аера ад)? 
| фвш—+$ енеш, L 2) à 


a (0-7 Jen -£[- 14 J14 TE st, 


* [See p. 555.] 


or, more accurately, 
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that is, | ша? | 
(0-7) sin = (2 teos7) ed rufis MN, NN 55 

n n n т 
| («—tcos)'| 

n 

т 1 т т\? 197 
§——=——— | —| x—tcos—}+ (2 — сов – | +tsin—. y% 

n "VO п, т, т, 

n 


= (by hypothesis) a quantity of the same order as 3 
we may '.' neglect its square in the denominator of the element of z,,; & thus we have to 
calculate 
wer TUM 
a sin ($ 4- y)d .t (0 =) 


" e ` : 7 2 ` 
1 sin ($+ 20 +віп = 0 jos mie 
2т 0 а", 0" 


— 00 0 


" eos (+ +6 sin z) sin 2é0` d0" 


, 


cos ф 


which tends to — "tto when £, being positive, tends to become infinitely greater than sin. 


Thus by taking "resta d. in which £ is a large positive constant number, we shall 
n 


vt 
have with a given, and great, degree of accuracy: 


T 2хт "E. 
„= — $008 -— iocos ("-мвш=), 


2 
т 
„ү 


so that we are justified in considering cos as the velocity of propagation. 


If £ were much less than 5 / sin = , or more precisely if 0'? вїп = increased much more rapidly 


8 
than (2£0")?, so that the ratio }é-* sin = = 8`5— is large, s being a number such that Í 0-1 sin 040 
0 


is nearly = $ then, for the integral 
E. Í “con (Ste e Jein fdh 
mjo / у^ , 
in which у` = 2£0', we cannot correctly substitute 
l(*cosósiny' ,,, совф 
y [| Р УУ 
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but are rather to substitute, as the opposite limit, 
1 fe Aem $ 
1s], té bag pur: 
in which we are to remember that s' 8—2 is now large. It is remarkable that this last limit, if it do 
not vanish, must be proportional to s (s')-*; for it may be written thus: 


1 s T 
—— cos ($ + у“) deb"; 
еура e ЛАГ 
in which pat у. Also a, which we have supposed to be small; it is 
8 . 
sin — 
т 


(s оов) 
n 


ава" 
n 


Cauchy gives in his Memoir on Definite and Singular Integrals (Mém. Sav. Etr., Tome 1) 
© ю 1 i 
[е cos imas [^ sim оар (5). 
0 0 


Ew Tp" 2—1совт 2хт "Be tie 
We have then — 2 cos (ф + у“) d)" = vise Bin (= — 2tsin- га | 
b atsin = 
There is something here analogous to a change of phase.* 
(Feb. 7th.) ! е; 
Admitting that Í E cos (y2) dd = [ | sin (2) dip = : / z, 


we have, as Cauchy remarks, 
Yo fm t £9 (ur dfi l-——s bf i—s 
sl ean] соіа" cos taii [^ oos w) dibs 


m d ч {cos (Y? + m? + amp) + cos (2+ m? — 200) dij 


-3]- cos (Y? + w?) cos (2ш) d= [ сов (J? + ®?) cos (20) dij ; 


& for the same reason з у Tæ f sin ($? + w?) cos (2m4) dip; 


[5 cos (Y?) cos (20) d = ух обв ( giu = ) 


[яп (у?) cos (204) ap= Y? сов (o*+7). 


* [Cf. Kelvin, Proc. Roy. Soc. Vol. хіл (1887), р. 80.] 


HMPII : 7ї 
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Hence I deduce, by integration relatively to w, 


1 STRETA ay vis f” eos (o*-3) do; 


0 № 
f nee Cod) ay va | "оов (s*) do. 
Hence Агас 


which, when w is very small, is nearly = w cos (+7): but, when о is very large & positive, 


is nearly i 
1 jr T А т 
ЕЕЕ 
& these two extreme values agree with those lately obtained. 


To айий» * 
[33 [ cos (ф + 88—202) sin Jd 
т 0 у^ > 


we may put, as on the last page, 


8 
wire "-9 га 
DEED 
& we get 
8 
1 [© eos ($ -- за) . 1 Ub ( т ) 
A —— ——— — gin y'dy' = — — cos | ó +- — o? | їо 
=I, у ry Ут 0 $ 4 
z—t cos. 
LEN. 
t sin? 
5. А " cos (2 ашт той) do. 
TJ 0 п п 4 


We may even extend this expression to all values оў x, t being large and positive; for as soon as 


x—t сов is of the same order as ¢, whether positive or negative, it becomes sensibly 
1. oo 
= + [ cos (7 —2¢sin T+T- aè) dm= + hos ( =" — atsin 7) ж 
n n 4 n n 


* [It is to be observed that the fundamental integral, z,,,, written as a usual integral, is (putting a=) 


n 
PT in iei а uet лаб dé 
2n ^ sin sin x cos 0 — cos х" 


For values of 0 nearly equal to « this becomes 


cos (di — 2t Мага) inde (0—2)—1 (sind age 
ха Же f sin $ (0—«) и 
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[Airy’s integral. | 


Can we find any analogous general expression for the part of the same integral [z, ,], 
which corresponds to values of 0 nearly = 0? 


For such values, у= 220 —2tsin 0 = 2 (x — t) 04. + terms which may be neglected in 
comparison with these, even if = be small; because @ is to be at largest of the same order as 
kA in which s is a large but constant number, independent of ¢, & such that [5y is 
sufficiently near to 3 for the purposes of our approximation. For the same reason, we may treat 


the denominator sin 0 (cos 0— cos”) as being = 0 vers =; & *.' shall have, for the corresponding 


part of Z, ,, the expression 
1 (1 + сов =) {a + $97) 0, 
ni Jo 6 


in which 0,20Yi and £-*7-. 


з 1 
If £, be very large, positive or negative, this expression is evidently = + 1 (1 + cos =) e 


If on the other hand £, be very small, the expression becomes 5 ( 1 + соз z ) . But according 
to what law does its value vary for moderate values of £,? 


We have, accurately, 


[sin (26,0, +462) 40, _ m 
0 20, _— 12 


‚ во that it is desirable to try whether we can obtain a finite expression for this last integral, 
| "cos (20 + 408) d0.* 
0 


Can we calculate | e- 04660 qg, when « is real, or m e-**? cos rad, which bears a strong 
0 0 


Га |7 ав, cos (26,0, + 42); 


0 


affinity to the integral discussed by Laplace, Calc. Prob., page 97, | e-*** cos rz da? 
[The calculation is reduced to the solution of a Riccati equation but is not carried further.] 
[.Detailed description of wave motion.] 
(Feb. 85.) 


Waiving for the present the discussion begun on this page, let me resume the former 
discussion of z, ,. 
* [Airy's integral. Cf. Watson, T'heory of Bessel Functions, pp. 188-190.] 
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It follows from that discussion that the function 


т 


1 | =)’ sin (2x0 — 2t sin 0) 40 
sin (cos 0— cos z) 
0 n 


4l 
involves a first part corresponding to 0 nearly 0, which is + z HE + cos — 7), according as x — f, 
1 й Mar ^ 
being large, is positive or negative; but is — tig (: + сов — z), according as f£, being large, is 
positive or negative, if x — t. 
The same function or integral z,, involves а 2^"? part, corresponding to 0 nearly = т; 


1 ‚ ; ; Mx ; 
which 2^! part is + 1 (: — cos = | , according as z--£, being large, is positive or negative; but 


z 3 а * LI . ° ^ 
is — +19 1— сов – 4 according as £, being large, is positive or negative, if x= — t. 


The function z,, involves finally a 3" part, corresponding to 0 nearly =<; which 3ra 


part vanishes when 2 =i cos = ‚if t be large, positive or negative; butis = F {сов (= — 2¢sin z) à 


‚ т А А eye А 
according as x – і соз x being large, is positive or negative. 


More precisely, by saying that x—toos— is large, we mean that it is numerically equal to 


or numerically greater than 1s gf ttsin : , 8 being à positive number so great that 


1 f V? sin у 
„| a n 
is sensibly equal to cos¢. Perhaps the number s= 1000 may sufficiently satisfy this condition. 


At all events, whatever degree of accuracy may be required, this number s is independent of ; 
& of x. 

By saying that x —t is large, we mean that it is numericaily equal to or greater than 1s't*, s' 
being a positive number so great that =|" sin (vs t is T is sensibly = 1. Perhaps s’ may be 
taken = 200. 


Finally, by saying that 2: -+- is large, we mean that it is numerically equal to, or numerically 
greater than, the same quantity 1s't5, в” being the same positive number. 


Now let the number in be considerably greater than 5 i t {зїп =, & also than SYET. 
(What are the relations between these 2 limits?) 


And first, let i be infinite; that is, let us return to the original problem of this manuscript; 
in which it is supposed that, at the origin of time, all particles behind the origin are disturbed 
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according to the law of the versed sine, & all beyond it are at rest. The number n of molecular 
intervals in one wave-length is not obliged to be large. We shall suppose that 1 — cos = is sensibly 
different from 0. ' 

We have now, (compare р. 554,) 

2xm { 
х= $ vers (22- 2tsin Z) —2,17 $ vers $ —2, ,. 
The law of z, , is sufficiently stated on the preceding page; and we are to deduce the corre- 
sponding law of 7, ,. 
I. Let t be large and. positive.* 
(1) If z be = or >t+4s'tt, then 
1 We D T| 1 2x рор: Д 22т к 
„= il +0087) +3 (1-008 7) - 008 (7 — 2tsin Z) - vers (= -atsin z), 

and 7, ,— 0; the disturbance is insensible at a distance beyond the origin so great as t+ 3s't!. 


т 


1 
(2.) If х be =t, then лы=з (008 з. 


displacement, which travels with a velocity = 1 = the square root of the attractive (accelerative) 
force exerted by any one particle on its next neighbour, and therefore with a velocity inde- 
pendent of the wave-length. 

п 


2 
(3.) If z be = or <t—4s't#, but > or =ісов 2 +} tsin”, then, 7 (cos z) =a certain 
other constant & positive displacement, three times as great as that last mentioned. This new 


2 
) ; there is then a certain constant and positive 


displacement is sensibly constant, within an extent =tvers~ — 18 tsin” — 1s't5; whereas 


for a range =s’tt next following, there is a variable displacement, which vanishes (sensibly) at 
the end of that range, & is, at the middle, reduced to one third of what it was at the beginning. 


(4.) If ђе =tcos = , then 7, = 4 vers ф + 1 соз = = а periodical displacement, which travels 


with a constant velocity | = cos = = а function of the wave-length |, & of which the amplitude is 
= l = half the amplitude that corresponds to the most complete effect of the initial disturbance. 


т ы М . TM 
(5.) If z be = or <ісов = — $s (sin, but > or= —t+ 4s‘, then y, ,— vers $ — віп == | =a 


periodical displacement, which has a constant amplitude = 2, & of which the period, for any 
given value of z, is л cosec = [wave-length =n]. This part of space corresponds very well to the 


phenomena of light. [ts extent is ¢ ( 1 + cos 7) —1s | віп : — }з'#. 


1f. т \3 
(6.) Ifz be = —t, then лы=тетвФ-— (ш =) . 


* [See Appendix, Note 12, p. 640.] 
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(7.) Ifa be = or < —1— }s't, then ,,,=vers¢. 


Thus the law of the versed sine may be considered as bilding good, without sensible error, 
for all those particles which are at least as far behind the origin as the position x= —t— js't* ; 
but during the range = 8" next following in the positive direction, that is, between the bounds 


2 
a= —t F js't5, a negative term is added to vers ф, which negative term is sensibly = — я | 1 x | 


at the middle of this interval, & = — (sing, ra | at the end thereof. It then remains nly 


constant, as also does the law vers $ remain unchanged, during a large range 


= 2l (cos =) — — {8 нал — 4e'tl, 


that is, till x = совт — {8 їзїп 2 ; but in the interval=s L віп = next following, the displace- 


2 
ment changes from | соз =) —cos ¢ to (cos x) , the coefficient of — cos ф decreasing from 1 


to 0 & being = 1 at the middle of this interval, that is, when x = t cos =, In another range 
— 91 (sin zy- —}s ‘віп — isti, 


2 
that is, till x—:£— o'tt, the constant term (cos = ) remains sensibly the same; but in the 


2 
interval =s't? next following, this term is reduced to an insensible quantity, being =; (cos 5 | 
at the middle of the interval, that is, for x —£. Finally, for x»t- 18'{%, the disturbance or 
displacement is insensible. 


II. Let t be large and negative. 


That is, let us trace back what must have been the state of the disturbances before the origin 
of t. 


(1) Ifz- or > —t—4s'th; Nz, = 0. 


^ lf. m 
(2.) If x2 —t; паи 5 (sin =) . 


2 
(3.)’ Ifa= or < 1+ 15', but > or =teos™ + 3s віт, > Nat = = (ы =). 


2 
(4.)’ If x=toos-; па (sing. — } соз 4. 


2 
(5.! If = or <toos” — yo | tain? but > or —t— 4870; пае d (oos А 


, 1 ‘ 
(6.)’ I£ x«t; пал чета ф- s (cos. 


(7.)' Ifa= or <#+ 1s't5; 5, ,— vers. 
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[Extension of original problem. | 
(June 14th, 1839.) 


If we have the equation 
Ne= 03 23,7 212,7 123,4) + @ (ао Ma, t+ а-л)» 
we may satisfy it, generally & rigorously, by the expression 


7 
„= p>) aoe na | 4@ cos (210 — 2x0) cos (2£09) 
0 


Я 
+ - X- «o | dô cos (210 — 2x0) sin (2005) 851 , 
0 


in which 0$— Vajsin 0? + a2 sin 20°; ж and l being integers. 
Let the initial conditions be 


(=) 
7-577 vers( — | ог =0, 


and n- “yo пв (77 y -Je. ог —0, 


according as —/ is or is not included between 0 and in; then 


2 
Ne, i= — br [vers | E | I dô cos (210 + 2x0) cos (210) 
0 


567 


gua i 
+ @,sin = | dô cos (210 + 22:0) sin (2099) O5 ] i 
n 0 


We have 
2 1 
Xin) Vers 2 6g сов (2/0 + 22:0) = pis se os (220 + in0) (sin z) 
sin d n т 
cos 6 — cos — 
т 
sin inb . 4 . T 1 = 


Xn sin vis cos (210 + 2x0) = sin (220 + in@) sin ^ 


2 T 
cos Ө — cos — 
n 


sin 2720 cos (2x0 + in0 
Tlz,t 7 — ДЕЕ =) E di — sin à О m з (2605) 
cos Ó — cos 2 


tes TO, sin, [t 


In general j 


4sinacosbcosc-  sin(b4-c--a) —sin (b 4-c—a) + віп (b —c-- a) — sin (b — c — a), 
4sinasinbsinc- — sin (b+c +a) -- sin (b -- c —a) - sin (b — c -- a) — sin (b — c — a); 


7,17 À4 — B--C— D, 
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cos 0— cos — 
n 


, 
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in which m 
gm m^ cp sin (250 + 210 + 2t) 
A- i ein? | db | ——-—- — | —— 
кыз ашы cos @—сов— 
т 
| т 
s rs — ve sin (2x0 + 219) 
B= i sin? | dód o nel? на; 
ed we SIT |9 cos 0 — cos — 
n 
sin” © 
n . mf” n ~~ | sin (220 + 2in0 — 2195) 
C---sin-| d0| ——|——————————, 
47r "Jo sin 0 Op ooa SZ bob 
n 
т 
sin— Өт А 
57 an? ("ao | 2, > | Sin (220 — 2769) 
р-а" |’ veg sin Ө +9, ; 


т 
cos 0 — cos — 
n 


[Two-dimensional waves. | 
(June 14th, 1839.) 


If we consider the vibrations of an indefinite square system of points & suppose that each 
attracts only the 4 nearest to itself, the distance between any 2 nearest points being = 1 in the 
state of equilibrium, & the attraction being sensibly = a?+ 0° (r — 1) for any distance r differing 


little from 1, but being sensibly = 0 for any much greater distance such as even V2; we shall 
then have the 2 indefinite equations in mixed differences 


o={-(5) ++ DA; lé 
^ dt) 1X A, 1+A,) °°" 
NNI DLE 
0- | -(5) + ita iz Na,y,t? 
of which the complete and general integrals may be thus written: 


é E T 9 У rh " 10 “dd РЕ sin (219 

NA T? (1, m)— o } © р f. cos (220 210) cos (2y¢ == 2mo) le, o COS (20) | &, ' ( | $ 
4 2 2 j A i 

Ng, y,t T? бш К], do | dġ cos (2y0— 2m8) cos (22 — 21d) Im» sos (310) +, m a =5р ] ; 


if 
Ө — V/a? sin ф2 + 02 sin 62. 


- Suppose now that for every integer value of l between 0 & — in, and for every integer 
value of m between — m, & +, , (the extremes being included,) we have 


lr ) oT. 2b 
Тоњо VES zc» Th,m,o= — 2ansin- sin 77; 
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but for all other values of J or m we have т ,, 9 — 0, 71,0 = 0, & for all values of | & m, £; „0= 0, 
Eno =0. Then Pa a 0 апа 


T 


Ne, y. t7 E. |, wo" d$ cos (250 — 2m8) cos (2a + 21ф) 


2 4 
asin — 
x ы: „б АҢ "'sin (77 J sin (r6) t 
n © n 
But 
k cos 290 sin (2m, 0 -- 0). 
M) nis cos(20—2m8)— —— —ásg ———3 
is a. жү 2 (т cos 2y0 sin (2m, 0 + 6) sin ind 
i пан (sin) К sin 0 sin ф 
sf cos (22$ + ing) | нөн OR La n (210) |. 
cos $ — соз = cos $ — cos = 


As m, increases without limit, this expression tends to become independent of y,* namely 


(aa) дйн coe anh ins Энде), 


"T cos $ — сова 


agreeing with the value found before. The same result is obtained if у be large, but т, much 
larger. 


If on the contrary y be much larger than m,, then the relation 
2 cos 290 sin (2,0 + 0) = віп (20 + 2m, 6+ 0) — sin (2/0 — 2m, 0 — 0) 


causes х,у to be sensibly = 0; & we have thus an example of the possibility of representing in 
dynamical calculation the sensible rectilinearity of the propagation of light. 


Diffraction corresponds to the case of y nearly —m,. 


[Three-dimenstonal waves in dispersive medium. | 
(June 18th, 1839.) 


In general, the equations of infinitely small vibrations of a system of attracting or repelling 
particles, : 


PT = E (Abad () + Aa d (r) 8r), &o., 


* [This means, of course, that in the integrand, with the exception of the factor sin (2m, 0+ 0)/sin 0, 0 is made 
zero so that Ө =a sin ¢.] 


HMPII ` 72 
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may have their integrals expressed, as Cauchy* has shown, by equations of the form 
а= [^ h Í {dicos (ux + vy + wz) + g,sin (ux + vy + wz)}dudvdw, 


(dy ) = {e, ^ h, j , 
(82 ) A {fi t Ù } , 


d,, ... ù being 6 real functions of ¢ and of u, v, w, depending on the nature of the system. 


The initial values & rates of increase of these 6 functions may be deduced from. those of 
dx, dy, д2 by the 12 formulae 


3 го oo © 
*- (a. [C E. [C Gioco amy we) dedy de, 


3 о о © 
j= (s) } | T (92), sin (ux + vy + wz) dc dy dz, 
in which (8x), , (89), , (92), (9x); , (Sy), (2), are 6 known real functions of х, y, z. 
The differential relations between d,, e,, f, are of the forms 
= —(Ld,+ Rer Of), e= — (Mer Pf, Rd), fi=—(Nfi+ Qd,+ Pe), 
in which L, M, N, P, Q, R are 6 real and known functions of u, v, w, depending on the nature 
of the system; this system being supposed to have a certain symmetry of arrangement & to 


have the same arrangement throughout; & the same equations hold good when d, e, f are 
changed to g, h, i. 


The expressions for these 6 functions L, ... R are 


L-z (5 e (r)+$(0)) vers (ude + vy +wde), М = ‚ N= 7 


P-x (5 4 (n) vers (u Ах + v Ay +w Az), Q= "Д 
The integrals of the differential relations between d,, е, f, are of the forms 
t 
A,d,+ Bye,+ О, fp=(Aydy + B, es + C, fo) cos s,6-- (4d + Ве + бә |. cos 8, tdt, 


Ау, ... Сз being 9 real cosines, namely of the inclinations of З rectangular lines to the 3 rect- 
angular axes of coordinates, these 3 lines being the axes of a certain surface of the 2" order, & 
depending only on v, v, w; but s,, $5, 8, being (perhaps) not necessarily real. 
The equations which determine them all are 
P. 
BR+ CO _ us CP+AR_ у. 490+ Р 


. ж 
8%= [+ A Б С 


* (Cauchy, Œuvres, 1° Série, Tome ту, pp. 237-298. It is to be noted that r4(r) is the law of force between two 
points. | 


www.rcin.org.pl 


XX. MOTION IN ELASTIC MEDIUM 571 


(June 19%.) 
Let only half the medium be originally agitated; & in particular let the initial conditions be - 
(82)pX20, (Sy)p=versu'x, (802)0)220, (8x)p20, (буур =8` sin(w'z), (да), = 0, 
for all negative values of x, these 6 functions all vanishing for positive values of x. 


Then | 
d, — 0, fo72 0; go 0, $9 75 0, d, — 0, $650; go — 0, ig= 0, 
and 
1 0 © © 
e= Qn)? | Ф QU i3 E dz vers u‘x cos (ux + vy + 02), 


— 0 


1 0 oo © у. 
ho= as I ef ња dz vers u`xsin (их + vy + wz), 
DL * On a]. LN dy КЛ х сов (uz + vy + we), 


ho=8 ek Pua ep fl dz sin u‘x sin (ua + vy + wz). 


[Hamilton then calculates from integrals in which the integrands above have a factor 
e~h @'+u"+2), Inserting these values in the equations 


sin 8уЁ sin sat +В? sin Szt 


$9 3 


+ B3——* Ja: &c. 


and making /, = 0 in the triple integral for (dy),, we get finally the following equation]* 


e; = (Bi cos s,t+ Bz cos sat + Bz cos st) eg + (ж 


( x wW Сеч дауа c 8 . 
(80), = + vers (w'« +s n+ |, aalt піп р совв +% cosuzsins,t). 


This expression for (Sy), is rigorous in the present question; & accordingly it gives 
(у), = vers w'z or 20, and (8y)yj—s'sinw'z or =0, 
according as x is « 0 or > 0; because, in these 2 respective cases, we have 
o sinux. udu 1f° [sinux sinux 
si Ple conv alas Мирт 
о u-u? 2] ь\и+и u—wu 


Јам = F псови‘2; 


 [° eos ux . du ЫА s [° sinus. du ‹ 
2м, атш Uz; 2u —— 7 taversu 2. 
o w?—4 o и (и? – u`?) 


Thus, rigorously, 


` ` 


fat eX: aa A A 
— + — | sin (ux + st ——— ux —– 81) +; 
( >) казый. МЕ =) sin gis ) 


du 


\ \ wu e 
(80), = + vers (u`x 4- s't) + =I, "we Pi 


& its periodic part is 0 or — cos (wc + s`t), =. ў 
velocity of propagation of vibration, or rather in this case the velocity of extinction, is expressed 


* [See Sommerfeld, Diss., Kónigsberg, 1891 and Carslaw, Fourier’s Series and Integrals, p. 293.] 


72-2 
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not by the ratio of the coefficients of time and space, but by the ratio of their differentials; Ф I 
feel almost sure that this is the general law of the propagation of vibratory motion.* 


| Velocity of propagation | 
(June 20%.) 


Suppose that only half the medium is originally agitated, namely that half which is on the 
negative side (relatively to x) of the plane u‘x+v‘y+w'‘z=0, in such a way that, if . 


M v'y rwr 
ш 
we have : 
(дж), = А` eos (и` + y --w'z), (у), = B' cos ( ), ... (02) C cos ( ), 
(òx) = A's'sin( ), (y) B's'sin( — ), (82y— C's'sin( — ); 
, , i : vy -w'z 
but (82) = (8y)g = (82), = (80), = (и), = (д2), = 0, if a> — T . 


How are we now to effect the triple integrations for do, ... i5? 


We may conceive 3 new rectangular coordinates x`, y`, z`, of which x‘ is the perpendicular 
а^ +0 + и 


distanob;.—— ——— "— 
Мн? +072 +w? 


from the plane u‘x+v‘y+w‘z=0; (u` may for simplicity be supposed 


>0;) у= ЕҢ = perpendicular distance from that plane which passes through [the axes 
v"?-Ew 
of] x and x`; & the plane of xy‘ is of the form 
` ` ` ` u` 
x+A (v yw 2): 0, № = ш, 


X (v? +w?) x — w^ (vy +02) 
Vv Ew N/u vt papi 
Accordingly these expressions give z'? + y'? + 2? = z? - y? + 22. They may be written thus: 
Making w' = k` сов 0^, v' = k' sin0' cos 9^, w' = k` sin 6‘ sind‘, we have 
ж\ = 2008 0" + (y cos o` --zsin ф`) віп 0°; y’=ysind’—zcos¢'; 


£' —vsin0' — (y cos 9' --zsin $') cos 0"; 
and they give reciprocally 


x=x" cosl" -2'sin0'; у= (2` sin0' —2' cos 0') cos 9^ -- y' sing’; 


z= (x' sin 0' —2' cos 0") sin 9' — y' cos ¢*. 
Hence 
ux + vy + wz — x" {u cos 0" + (v cos ф` + wsin ф`) sin 60`} 


+y* (vsin $' — weos ф`) - Z' {usin 0‘ — (v cos ġ` + wsin $`) cos 0"); 


* [This is obtained by considering the contribution of the values of и in the neighbourhood of u—w' to the 
value of the integral. It is to be observed that $ is the same function of u` as s, is of u.] 
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and we are to multiply both the cosine and sine of this expression by the cosine & sine of 
k‘x‘, & integrate relatively to x‘ from — oo to 0 but relatively to y` and z` from — oo to со. 


3 
The results, multiplied by (-) & by A‘, В`, С“, A's', B's', C's', will give d,, ... to 
We find, in this way, 


F de jy dy fe cos k‘x‘ cos (ux + vy + wz) 
= [ае cos k‘x‘ cos [z' (u cos Ө“ + (v cos ф“ + wsin ф“) sin 6j] 
x I Lf dy‘dz‘ cos [y` (vsin ф` — ш соз ф\) +2‘ {usin 0' — (v созф' + wsin ф`) cos 0] 
i ait [Ca try | Spes ку | 


if Ё,= ши сов Ө“ + (0 сов ф` --wsin ф`) sin&', and k— Vu? Ev? -w?, as К =Уи +0727, In 
like manner 


0 co © E: agp otio). iol кы) 
| ax’ | y | dz‘ sin k'z' sin (us ey +e) = ele Cn L ^s 
0 © © ` ay 1 = а 
| dv | àv | dz‘ sin k'z' cos (ux + vy + wz) = 72 — pat ( " ). 
к-к, 
E С) 


[а Ја | а сов k‘x‘ sin (ux + vy + wz) = -й j B-pi Tes 
in which it is to be remembered that i 
k? — k? = (vsin $' —w cos ф`)? + {usin 6 — (v cos $' + wsin ф`) cos 0`}#. 
Let u,=k,, v,=vsinġ—wcosġ', w,-—usin60' — (vcos $' - wsin ф`) cos0"; 
then К2— К2=02 иё, и= и, сов 0` - w,sin6", | 
v=(u,sin 0' — ш, соѕз6`) совф` +0, віпф', w=(w,sin 0' —w, cos 6‘) sin ó' —®, cos ф'; 
dudvdw=du,dv,dw,; 


UL HVY HWZ=U, E HV, Y HW, Z; и +0 + ш = и? +0 + и? = К, 


Fil " Hee "^ 
Hence %_%_ tf І jets -Cs, Л, 
POE N h мут 
do; ы Ms iid e Al 1 ye uc M | 
Aw B's’ C's‘ Ут 


т. ep ac f =>( 1 үөн k^ 
Aw Be Cs 20 2h Vm 
Jo o ho bo 1 | 1 a ery 


A B C 2m V2hVz ра 
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these are to be multiplied by "NO x+v,y+w,z)du,dv,dw,, & also by some known functions 
of u,,v,,w,, & integrated e boni to u,, 0,, w, from — oo to oo. 
This integration may be simplified, by 18 suppressing 


© oo 1 2 L0; tee 
dv, dw, (xu | a Um 
J - J — о Ут 
& then changing u,, v, , w, to k, 0, 0; which latter change is equivalent to making 


w-kcos0', v-ksinO'cos$', w-ksinÓ' віп ф'`. 
We are *.' to multiply 


1 ( -Cx) 55 1 | #190574 ) 
te a Коа Ye ae 
Sh V ) 4т\&Ё—К\ k+k 
by some known functions of k & t, & to perform the operations ys ra kx‘ dk. 


kF 
But lim © алУ) е On) f(k) -f(£ &); 


h=0 
the sign of integration is '.' affixed only (after all reductions) to terms of the form 


cos 
2 у 
TIE T F (k,t). This latter function F (k, t) involves ^ or OF st: & here also the velocity of propaga- 
tion is " 
dk 


Thus the parts of the 2 respective sets of integrals 


d du | ZI dw d, cos (ux + vy + wz), hl duf” do | dw g,sin (ux + vy + wz), 
Я 6 j е, , ( ^ i h c 
Л , ù , 
which are respectively even and odd functions of t, are 
4A‘ cosk‘x‘coss‘t, 1A'sink'x'sins't, 
B а) 1 
C uar { 
& ‘~ by adding these we obtain 
iA'cos(k'x'—s) 4B‘cos(k‘x‘—s‘t), 4C‘cos(k‘x‘—s'‘t), 
as the parts of the final expressions for (д2),, (8y),, (82), which do not (after all reductions) 
involve the sign of integration. 
The other parts will be less simple. The parts of | | | ... d,cos (ux + ту + 02), &c., which are 
odd functions of t, are the sums of the three values of 
`` [° dkcos kz' sin st 


Ser Ох тус жн утук Жы, Pee 
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XX. MOTION IN ELASTIC MEDIUM 575 
corresponding to the three systems of values of A, B, C and s; and the parts of 


Jff sim (wet oy wo) &e., 


which are even functions of t, are the sums of the 3 values of 


pst. g е дье а cos st 


2m J — «0 2— k`? 
Thus the whole remaining parts of (3x),, (8y),, (92), are the sums of the 3 values of 
[а cos ka‘ sin st — sk sin ka‘ cos st 
0 v8 (k? — k`?) 
which sums consequently are 
= — 1A' cos (k‘x‘—s‘t)+ (8z),, &с. 
And thus we express rigorously the effect at the time t, corresponding to an initial system of 
velocities and displacements extending only to half the medium. And we confirm the theorem that 
ds" 


the velocity of propagation of vibration is dj for we find that the vibration does not sensibly 


A (AA - BB' 4 ОС), &c. 


A (AA - BB 4- ОС), &е., 


attain a place x` till x` e. 
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